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In ear  lier Rastovic’s pa  pers [1] and [2], the ef  fort was given to ana  lyse the sto  chas  tic
con  trol of toka  maks. In this pa  per, the de  ter  min  is  tic con  trol of toka  mak tur  bu  lence is
in ves ti gated  via  frac tional  variational  cal cu lus,  par ti cle  in  cell  sim u la tions,  and  fuzzy
logic meth  ods. Frac  tional integrals can be con  sid  ered as ap  prox  i  ma  tions of integrals
on frac  tals. The tur  bu  lent me  dia could be of the fractal struc  ture and the cor  re  spond  -
ing equa  tions should be changed to in  clude the fractal fea  tures of the me  dia.
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IN TRO DUC TION
Func tional  minimization  prob lems  nat u rally  oc -
cur in en  gi  neer  ing and sci  ence where minimization of
functionals, such as Lagrangian, po  ten  tial, to  tal en  -
ergy, etc., gives the laws gov  ern  ing the sys  tem be  hav  -
iour. In the op  ti  mal con  trol the  ory, minimization of
cer tain functionals gives con trol func tions for the op ti -
mum per  for  mance of the sys  tem.
Re cent  in ves ti ga tions  have  shown  that  many
phys i cal  sys tems  can  be  rep re sented  more  ac cu rately
us ing  frac tional  de riv a tive  for mu la tion.  A  frac tional
cal cu lus of vari a tion prob lem is a prob lem in which ei -
ther the ob  jec  tive func  tional or the con  straint equa  -
tions or both con  tain at least one frac  tional de  riv  a  tive
term [3].
We can con  sider the prob  lem of Lagrange con  -
tain ing  frac tional  de riv a tives,  or  sim ply  a  frac tional
Lagrange prob  lem. We ob  tain the Eu  ler-Lagrange
equa  tions for un  con  strained and con  strained
variational prob  lems via the fuzzy logic ap  proach.
A FRAC  TIONAL VARIATIONAL
CAL CU LUS
A symplectic struc  ture on a man  i  fold is a closed
non-de gen er ate  dif fer en tial  2-form.  The  phase  space
of a me chan i cal sys tem has a nat u ral symplectic struc -
ture. On a symplectic man  i  fold, as on a Riemannian
man i fold, there is a nat u ral isomorphism be tween vec -
tor fields and 1-forms. A vec  tor field on a symplectic
man i fold  cor re spond ing  to  the  dif fer en tial  of  a  func -
tion is called a Hamiltonian vec  tor field. The phase
flow of a Hamiltonian vec  tor field on a symplectic
man  i  fold pre  serves the symplectic struc  ture of phase
space.
The  fol low ing  ex am ple  ex plains  the  ap pear ance
of symplectic man  i  folds in dy  nam  ics. Along with the
tan  gent bun  dle of a dif  fer  en  tial man  i  fold, it is of  ten
use  ful to look at its dual – the co  tan  gent bun  dle. The
co tan  gent bun  dle has a nat u ral symplectic struc ture. A
dif fer en tial k-form is called an in te gral in vari ant of the
map g if the integrals of k-form on any k-chain c and on 
its im  age un  der g are the same.
The func  tion H is the first in  te  gral of the
Hamiltonian phase flow with the Hamiltonian func  -
tion H.  We  ob tain  yet  an other  gen er al iza tion  of  E.
Noether’s the  o  rem: given a flow which com  mutes
with the one un  der con  sid  er  ation, one can con  struct
the first in  te  gral. The tech  nique of gen  er  at  ing func  -
tions  for  ca non i cal  trans for ma tions,  de vel oped  by
Ham  il  ton and Jacobi, is the most pow  er  ful method
avail able  for  in te grat ing  the  dif fer en tial  equa tions  of
dy nam ics.
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chan  ics fol  low di  rectly from Stokes’ lemma. For ex  -
am  ple, we ob  tain Liuville’s the  o  rem: the phase flow
pre  serves area. The map  ping g is called ca  non  i  cal if g
pre serves  the  2-form.  Ca non i cal  trans for ma tions  pre -
serve the vol  ume el  e  ment in the phase space. Sup  pose
now that the Hamiltonian func tion H(p, q) does not de -
pend on time. Then the ca  non  i  cal equa  tions have the
first  in te gral:  H[p(t),q(t)] = const.
The  uni ver sal  prin ci ple  de scribed  by  Noether’s
the  o  rem as  serts that invariance of the in  te  gral
functionals of the cal cu lus of vari a tions with re spect to 
a fam  ily of the trans  for  ma  tion re  sult in ex  is  tence of
cer  tain con  ser  va  tion law or equiv  a  lently the first in  te  -
gral  of  the  cor re spond ing  Eu ler-Lagrange  dif fer en tial
equa  tions. This means that the invariance hy  poth  e  sis
leads to quan  ti  ties which are con  stant along the
extremals.  A  qua dru ple  sat is fy ing  the  Hamiltonian
sys  tem and the maximality con  di  tion is called a
Pontryagin extremal.
The pos  si  bil  ity of invariance up to first-or  der
terms in the pa  ram  e  ter (quasi-invariance) is cru  cial.
The group con cept is not re quired for the in ves ti ga tion
of  quasi-in vari ant  op ti mal  con trol  prob lems  [4].  The
no  tion of con  ser  va  tion law – the first in  te  gral of the
Eu ler-Lagrange equa tions – is well known in phys ics.
One of the most im  por  tant con  ser  va  tion laws is
the in te gral of en ergy. In clas sic me chan ics, be side the
con ser va tion  of  en ergy,  the  con ser va tion  of  mo men -
tum or an  gu  lar mo  men  tum may oc  cur. These con  ser  -
va  tion laws are very im por tant: they can be used to re  -
duce the or  der of Eu  ler-Lagrange dif  fer  en  tial
equa tions, thus sim pli fy ing  the res o lu tion  of  the prob -
lem.
A for  mu  la  tion of the Eu  ler-Lagrange equa  tions
was given for prob  lems of the cal  cu  lus of vari  a  tions
with  frac tional  de riv a tives.  A  Noether’s  the o rem  for
the frac  tional Eu ler-Lagrange extremals is proven [5].
There is no gen eral for mu la tion of a frac tional ver sion
of Pontryagin’s Max i mum Prin ci ple. With a frac tional
no tion of Pontryagin extremal, one can try to ex  tend it
to the more gen  eral con  text of the frac  tional op  ti  mal
con trol.
PHYS  ICS OF TOKA  MAK
Fluc tu a tion  phe nom ena  are  im por tant  to  many
phys i cal  sys tems,  such  as  mag net i cally  con fined  plas -
mas. The re  lax  ation of the fluc  tu  a  tions is mod  eled by
the dif  fu  sion equa  tion. Ear  lier, an ap  proach for an
anom a lous  dif fu sion  with  the  Re but’s  con cept  was
writ ten [6]. The spa tial cor re la tions of ran dom fluc tu a -
tions are mod  eled by the ex  po  nen  tial de  cay. Based on
these  mod els,  the  tem po ral  cor re la tions  of  ran dom
fluc tu a tions,  such  as  the  cor re la tion  func tion  and  the
power spec  trum, are cal  cu  lated [7].
In the tur  bu  lent state, the sys  tem is ir  reg  u  lar in
both space and time. There  fore, we need to study both
spa tial  and  tem po ral  cor re la tions  of  ran dom  fluc tu a -
tions. Dur  ing a steady-state plasma dis  charge, the
fluc tu a tions in the mag ne tized plasma usu ally have the 
fol  low  ing prop  er  ties: the time se  ries of the sig  nals are
nearly ran  dom, the sta  tis  tics of the fluc  tu  a  tions are
rougly  ho mog e nous  and  iso tro pic  and  the  cor re la tion
length is shorter than the length scales of the back  -
ground  den sity  and  tem per a ture  gra di ents.
Pe ri odic or bits are im por tant ob jects in the study
of  dy nam i cal  sys tems.  In  con ser va tive  sys tems,  the
wind ing num ber of pe ri odic or bits in the integrable re -
gime in di cates the tran si tions to chaos as well as top o -
log i cal struc ture of the phase space. In dissipative sys -
tems, the struc  tural prop  er  ties of strange at  trac  tors
such as di  men sion, Liapunov ex po nents, and top o log -
i cal en tropy can be de ter mined us ing un sta ble pe ri odic 
or bits.  Even  the  ex is tence  of  de ter min ism  in  ex per i -
men  tal time se  ries can be re  vealed by the pres  ence of
pe ri od ic ity  in  the  ex per i men tal  data.  In  the  variational
method, one de  fines a cer  tain cost func  tion and a pe ri  -
odic or  bit is ob  tained by seek  ing a curve that min  i  -
mizes the cost func  tion [8]. In the con  ven  tional ap  -
proach of us  ing a Poincaré sur  face of sec  tion, close
re  turns need to do two things: in  ter  sect the Poincaré
sur  face and be close to the start  ing point.
There are nu  mer  ous ex  am  ples of rare in  tense
events in spatiotemporal cha  otic sys  tems.
Toka  maks are highly sen  si  tive to mag  netic per  -
tur ba tions  that  break  to roid al  sym me try.  Such
pertubations al  ways ex  ist due to the im  per  fec  tions in
mag netic field coils or the pres ence of mag netic ma te -
ri  als. By find  ing the per  turbed equi  lib  rium given by
each Fou rier com po nent, one can ob tain the to tal res o -
nant field at each ra  tio  nal sur  face. The lo  cal  iza  tion of
the dom i nant mode, or the first mode, cor re sponds to a
broad poloidal har monic cou pling in to roid al plas mas.
The op ti mi za tion of the cur rent pro file means the 
con trol of the cur rent pro file. In a long-pulse op er a tion 
aim  ing at the steady-state op  er  a  tion for the fu  sion re  -
ac tor,  the  pre pro grammed  con trol,  or  ex ter nal  cur rent
driv  ers, is not enough for the cur  rent pro  file con  trol,
since the plasma must un  dergo var  i  ous stages hav  ing
dif fer ent  con fine ment  and  boot strap  cur rent  pro file,
such as cur  rent ramp-up, H-mode tran  si  tion and in  ter  -
nal-trans  port-bar  rier (ITB) for  ma  tion. Thus, the cur  -
rent pro file con trol in real-time dur ing the dis charge is
re quired.
Perturbative  ex per i ments  in  mag net i cally  con -
fined fu sion plas mas have shown that edge cold pulses
travel to the cen  tre of the de  vice on a time scale much
faster than ex pected on the ba sis of dif fu sive trans port. 
An open is sue is whether the ob served fast pulse prop -
a  ga  tion is due to non-lo  cal trans  port mech  a  nisms or if
it could be ex  plained on the ba  sis of lo  cal trans  port
mod  els [9]. To elu  ci  date this dis  tinc  tion, perturbative
ex per i ments  in volv ing  ion-cy clo tron  res o nance  heat -
ing (ICRH) power mod  u  la  tion in ad  di  tion to cold
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(JET) for the same plasma.
What does it mean if a sys tem is Hamiltonian? Is
it use  ful to know? Ev  ery sys  tem can be pre  sented as a
sub  sys  tem or a fac  tor-sys  tem of the Hamiltonian one.
The pur  pose is to pres  ent re  cent ad  vances in the  ory
with out  the  uni form  sta bil ity  con di tion.
Plasma equi  lib  rium codes gen  er  ally solve nu  -
mer  i  cally Grad-Shafranov and Maxwell equa  tions on
a  toka mak  two-di men sional  (2-D)  fi nite  el e ment
mesh  ing as  sum  ing a global ax  ial sym  me  try to com  -
pute the poloidal flux and mag  netic field ev  ery  where
in a me  rid  ian plane of the ma  chine.
As sum ing  an  sym met ric  plasma  in  a  cy lin dri cal
co or di nate  sys tem,  the  equi lib rium  MHD  equa tions
(fluid me  chan  ics equa  tions + Maxwell’s equa  tion) is
re  duced to the Grad-Shafranov equa  tion which de  -
scribes the force bal ance of the toka mak equi lib rium.
The ef  fi  cient and safe op  er  a  tion of fu  sion de  -
vices re  lies on the ac  cu  rate knowl  edge of many of the
dis charge pa ram e ters.  The  val ues  of  sev eral  dis charge
pa ram  e  ters which are not di  rectly mea  sur able, such as
plasma shape and cur  rent den  sity dis  tri  bu  tion, can be
re  con  structed from the mag  netic field and flux mea  -
sure ment.
A va ri ety of the poloidal field coil sys tems could
sup  port the spec  i  fied range of plasma equi  lib  ria. It is
nec  es  sary to de  ter  mine the op  ti  mal choice. The op  ti  -
mi za tion  re quires  the  gen er a tion  and  anal y sis  of  a
large num  ber of magnetohydrodynamic (MHD) equi  -
lib ria.  A few thou sand equi lib ria may have to be com -
puted.
The mac  ro  scopic equi  lib  rium is the re  sult of the
com plex  dy nam ics  of  the  un der ly ing  sys tem  of  par ti -
cles sub ject to in di vid ual as well as the col lec tive in ter -
ac tions. One could ask whether these in ter ac tions may
re  sult fi  nally in a spon  ta  ne  ous se  lec  tion among the in  -
fi nite  pos si bil i ties,  a  se lec tion  op er ated  innerly  by
plasma it self when it is not forced ar ti fi cially to wards a 
spe cific  con fig u ra tion  by  ex ter nal  in ter ven tions  [10].
One is led nat  u  rally to con  sider that suit  ably de  fined
prob a bil i ties,  whose  rel a tive  mea sure  de ter mines  the
se  lec  tion among all pos  si  ble states of the fluc  tu  at  ing
sys  tem,  could cor  re  spond to the equi  lib  rium states of
the plasma. We have adopted the point of view of the
in for ma tion the ory where the con straints have a hy po -
thet i cal  mean ing  to  be  con firmed  by  the  ex per i men tal
test.
Func tional of the den sity of cur rent is given. Re -
lated vec tor po ten tials, whose  prop er ties of vari a tions
de ter mine  the  priv i leged  plasma  equi lib ri ums  in  the
so-called  ther mo dy namic  limit,  are  in tro duced. The
toka mak is an open sys tem in in ter ac tion with the aux -
il iary power. The en tropy is not re quired to be at max i -
mum value, but it can be as  sumed to be sta  tion  ary,
even lo cally, ex press ing the lo  cal bal  ance be tween the
en  tropy in  jected ex  ter  nally, and the en  tropy pro  duced
in plasma.
The nat  u  ral field of ap  pli  ca  tion of the sta  tion  ary
mag  netic en  tropy model con  cerns re  laxed states in
which  the  dis si pa tion  pro cesses  are  coun ter bal anced
by ex  ter  nal sources (ohmic or aux  il  iary) such that the
mag  netic en  tropy and the plasma-state are con  stant in
time, at least ap  prox  i  mately.
We have prob  lems with the par  ti  cle, en  ergy, and
mo  men  tum trans  port in shaped plas  mas. The shape of
the den sity pro file is ex pected to have a sig nif i cant im -
pact on the per  for  mance of the In  ter  na  tional  Ther  mo  -
nu clear Ex per i men tal Re ac tor (ITER) and fu sion re ac -
tors. Peaked pro  files can in  crease the fu  sion power,
but  may  also  lead  to  a  del e te ri ous  im pu rity  ac cu mu la -
tion in the re  ac  tor core. The be  hav  iour of par  ti  cle and
im pu rity den sity pro files is in ves ti gated in a num ber of 
dif fer ent  scenarious,  in clud ing  elec tron  cy clo tron
heat  ing (ECH) and elec  tron cy  clo  tron cur  rent drive
(ECCD) low (L)-modes, elec  tron in  ter  nal trans  port
bar  ri  ers (eITBs) and  high (H)-modes, with a view to
im prov ing  our  phys ics  un der stand ing  and  pre dic tive
ca pa bil ity  for  elec tron  heated,  ig nited  re ac tor  con di -
tions.
Strictly speak ing, a sys tem of charged dust par ti -
cles can  not be de  scribed by a Hamiltonian, since the
en  ergy is not con  served be  cause of the openess of the
sys  tem due to plasma – par  ti  cle in  ter  ac  tion. Un  der
some con di tions, how ever (e.  g. when the en  ergy flow
in and out of the sys  tem is bal  anced), the Hamiltonian
treat ment pro vides use ful in sights. A po ten tial can still 
be de  fined in toka  maks so that for a cer  tain set of pa  -
ram  e  ters the sys  tem is de  scribed by the Hamiltonian.
When the sys  tem loses sta  bil  ity, the tra  di  tional
Hamiltonian anal y sis fails and we must ex plic itly ana -
lyse the dy  nam  i  cal equa  tions of mo  tion. Since most
sys  tems in na  ture are non-Hamiltonian, it can be use  -
ful to re  de  fine the Hamiltonian to in  clude non-po  ten  -
tial forces. The class of non-Hamiltonian sys  tems can
be de  scribed by a non-holonomic (non-integrable)
con  straint: the ve  loc  ity of the el  e  men  tary phase vol  -
ume change is di  rectly pro  por  tional to the power of
non-po  ten  tial forces. The co  ef  fi  cient of this pro  por  -
tion al ity  is  de ter mined  by  Hamiltonian.
PAR TI CLE-IN-CELL
SIM U LA TIONS
Five-di men sional (5-D) gyrokinetic sim u la tions
are es  sen  tial tools to study anom  a  lous tur  bu  lent trans  -
port in toka  mak plas  mas. Global to  roid  al gyrokinetic
sim u la tions  have  been  de vel oped  ei ther  by  par ti cle
(Lagrangian) ap  proaches or by mesh (Eulerian or
semi-Lagrangian) ap  proaches. Most of par  ti  cle sim  u  -
la  tions are based on a par  ti  cle-in-cell (PIC) method
which is valid for an iso  lated sys  tem with  out any
sources and col  li  sions.
In de  vel  op  ing global gyrokynetic full-f Vlasov
sim  u  la  tions, it is ex  tremely im  por  tant to use the mod  -
ern gyrokinetic the  ory which keeps the Hamiltonian
140 Nu clear  Tech nol ogy  &  Ra di a tion  Pro tec tion  –  2/2009struc  ture of the prob  lem [11]. Since the mod  ern
gyrokinetic the  ory is based on the Hamiltonian or
Lagrangian for  mal  ism, the equa  tion sys  tem keeps the
Hamiltonian struc  ture and the cor  re  spond  ing first
prin  ci  ples. These first prin  ci  ples are im  por  tant for the
ver i fi ca tion  of  sim u la tion  codes.
An ex  act equi  lib  rium so  lu  tion of the collisionless
gyrokinetic  equa tion  sat is fy ing  an  equi lib rium  con di -
tion is given by a so-called Vlasov equi lib rium or an ar -
bi  trary func  tion of con  stants of mo  tion in the un  per  -
turbed  char ac ter is tics.  Collisionless  gyrokinetic  PIC
sim u la tions  of  the  ion  tem per a ture  gra di ent  (ITG)
driven tur  bu  lence with a Vlasov equi  lib  rium and lo  cal
Maxwellian  dis tri bu tion  are  clar i fied.
The first di  rect im  plicit ion po  lar  iza  tion
gyrokinetic full-f par  ti  cle-in-cell code has been writ  -
ten and is im ple mented with ki netic elec trons in global 
toka mak trans port sim u la tions. The code is ap pli ca ble
for cal  cu  la  tions of rapid tran  sients and steep gra  di  ents
in plasma and is thus ame  na  ble, e. g. for stud  ies of
trans port  bar rier  for ma tion.
A gyrokinetic par  ti  cle-in-cell ap  proach is ap  pli  -
ca ble for cal cu la tion of the evo lu tion of par ti cle dis tri -
bu  tion func  tion f in  clud  ing, as spe  cial cases, strong
plasma pres sure pro file evo lu tion by trans port and for -
ma  tion of neo  clas  si  cal flows. The code has been val  i  -
dated against the lin  ear pre  dic  tions of the un  sta  ble ion
tem  per  a  ture gra  di  ent mode growth rates and fre  quen  -
cies. Con ver gence and sat u ra tion in both tur bu lent and 
neo  clas  si  cal limit of the ion heat con  duc  tiv  ity is ob  -
tained by nu  mer  i  cal noise well sup  pressed by a suf  fi  -
ciently  large  num ber  of  sim u la tion  par ti cles  [12].
Large-scale  ki netic  sim u la tions  of  to roid al
plasma dy nam ics based on the first prin ci ple are called 
for in in  ves  ti  ga  tions on such tran  sient trans  port mech  -
a  nism like low (L) to high (H) con  fine  ment trans  port
bar  rier for  ma  tion or edge lo  cal  ized modes (ELM) at
the edge plasma, in  ter  nal trans  port bar  rier (ITB) for  -
ma  tion in the core plasma, or intermittend tur  bu  lence
in mag  netic fu  sion de  vices.
Af ter in itial is ing ions on collisionless or bits, one 
elec tron is in i tial ized for each ion, at the same lo ca tion
to  en sure  quasi-neu tral ity.  In  more  re al is tic  sim u la -
tions, pairwise reinitialization of outflowing ions and
elec trons  ac cord ing  to  as sumed  neu tral dis tri bu tion  or
ion  iza  tion on ran  domly di  rected straight re  turn paths
of re cy cled neu trals is cho sen. For steeper den sity gra -
di ent  and  higher  tem per a ture,  the  phys i cal  den sity
fluc tu a tions  are  much  better  re solved  at  sat u ra tion  ac -
cord  ing to the mix  ing-lenght pre  dic  tion.
A rel  a  tive large va  ri  ety of gyrokinetic and
gyrofluid  sim u la tion  mod els  for  in ves ti gat ing
microinstabilites and tur  bu  lence ex  ists, and to build
con  fi  dence in the re  sult pro  duced by these mod  els, a
rig or ous benchmarking pro ce dure for cross-val i da tion 
must be adopted. Tra di tion ally, in delta f codes the lin -
ear anal  y  sis is per  formed us  ing a lo  cal Maxwellian
back  ground dis  tri  bu  tion, which is sim  ple to im  ple  -
ment  and  pro duces  ad e quate  re sults.  Par ti cle-in-cell
sim  u  la  tions were used for the cal  i  bra  tion of the probe
for  ion  and  elec tron  tem per a ture  mea sure ment  [13].
A  view  of  the  mech a nisms  un der ly ing  par ti cle
and en  ergy trans  port in fu  sion plas  mas de  vices (toka  -
mak and stel  lar  ators) is given. The heat and en  ergy
trans  port in fu  sion plas  mas is gen  er  ally due to the tur  -
bu lent  pro cesses.  Sev eral  driv ing  (plasma  gra di ents)
and damp  ing (elec  tric field) mech  a  nisms of tur  bu  -
lence have been in  ves  ti  gated. A new ap  proach based
on  multi-field  prob a bil ity  den sity  func tion  sta tis ti cal
anal  y  sis has been pro  posed to de  scribe trans  port in
non-equi  lib  rium sys  tems and to un  ravel the over  all
pic ture  con nect ing  trans port,  gra di ents  and  flows  in
fu sion  plas mas  [14].
Kolmogorov’s the  ory and phi  los  o  phy of tur  bu  -
lence are based on a num  ber of as  sump  tions which
have be  come stan  dard no  tions with the help of which
one ap  proaches tur  bu  lence in many, in  clud  ing
non-hydrodinamic, sys tems. How ever, it turns out that 
in  MHD  tur bu lence,  lo cal ity  of  in ter ac tions  in  scale
space, iso  tropy of small scales or even uni  ver  sal  ity
can not be taken for granted, and, in fact, can be shown
to fall [15]. Toka  mak dis  rup  tions give large-scale ex  -
plo  sive events. Ex  plo  sive events al  most al  ways re  -
quire non-lin  ear destabilization to achieve the
fast-time scales that are ob  served. The sys  tem crosses
the in  sta  bil  ity thresh  old in a small re  gion of space.
FUZZY LOGIC DE  SIGN
The con  cep  tual tools of fuzzy logic are fully
trans  par  ent, since their gov  ern  ing rules are hu  man de  -
fined. They can there  fore help not only in fore  cast  ing
the dis  rup  tions of toka  maks but also in study  ing their
be  hav  iour [16]. Since toka  mak fu  sion plas  mas are
com  plex, non-lin  ear sys  tems, driven far from equi  lib  -
rium  by  pow er ful  ad di tional  heat ing  sys tems,  many
causes can destabilize them and cause a dis  rup  tion.
There  fore, due to the lack of al  go  rith  mic so  lu  tions,
many ef  forts were de  voted to pre  dict  ing dis  rup  tions
us  ing neu  ral net  works in the past. An al  ter  na  tive ap  -
proach to dis  rup  tion pre  dic  tion for JET is pre  sented,
based again on fuzzy logic but with an adap  tive char  -
ac ter.
In  some  plasma  con fig u ra tions,  usu ally  called
ad vanced sce nar ios, an ITB can ap pear. These bar ri ers
con sid er ably  re duce  the  trans port  of  par ti cles  and  en -
ergy from the in  ner to the outher side of plasma. An
ITB re  quires a steep pres  sure gra  di  ent that can lead to
in sta bil i ties and dis rup tions. A fuzzy in fer ence sys tem
was pre  vi  ously de  vised, to pre  dict the prox  im  ity of a
dis rup tion at JET and to com pare its per for mance with
other meth ods. This pre dic tor is called static be cause it 
was trained to work for whole dis charges, with out any
al  low  ance for dif  fer  ent phases dur  ing the shot.
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lim  i  ta  tions of a static ap  proach. At dif  fer  ent lev  els of
dis rup tion  prob a bil ity,  the  same  di ag nos tic  sig nal  can
carry  in for ma tion  of  sig nif i cantly  dif fer ent  im por -
tance and there  fore must be weighted ac  cord  ingly.
Con se quently,  a  prototypical  adap tive  pre dic tor  has
been de  vel  oped, which con  sists of a set of dif  fer  ent
fuzzy sys tems op ti mized for dif fer ent dis rup tion prob -
a bil i ties.
The  au ton o mous  Lagrangian,  cor re spond ing  to  a
me chan i cal  sys tem  of  con ser va tive  points,  is  in vari ant
un der  time-trans la tions  (time  –  ho mo ge ne ity  sym me -
try), and from Noether’s the  o  rem fol  lows that the to  tal
en ergy of a con ser va tive closed sys tem al  ways re mains
con  stant in time, that it can  not be cre  ated or de  stroyed,
but only trans  ferred from one form into an  other.
The main re sult in [17] gives that the to tal en ergy 
(the au  ton  o  mous Hamiltonian) of a frac  tional sys  tem
is not con  served. The Eu  ler-Lagrange equa  tions for
frac tional  op ti mal  con trol  prob lems  are  ob tained,  us -
ing the tra di tional ap proach of the Lagrange mul ti plier
rule. The Hamiltonian de fines a con ser va tion law only
in the in  te  ger case n = 1.
The Liouville and first Bogoliubov hi  er  ar  chy
equa tions  with  de riv a tives  of  non-in te ger  or der  are
de rived [18]. The frac tional Liouville equa tion is ob  -
tained from the con  ser  va  tion of prob  a  bil  ity to find a
sys  tem in a frac  tional vol  ume el  e  ment. The lin  ear
frac tional  ki netic  equa tion  for  dis tri bu tion  of  the
charged  par ti cles  is  con sid ered.  Typ i cal  tur bu lent
me  dia could be of a fractal struc  ture, and the cor  re  -
spond  ing equa tions should be changed to in clude the
fractal fea  tures of the me  dia. The equi  lib  rium for
fractal tur bu lent me dia can ex ist if the mag  netic field
for magnetohydrodynamics equa  tions sat  is  fies the
power law re la tion. We can de rive the frac tional gen -
er  al  iza  tion of Gauss’ the  o  rem and also the frac  tional
gen er al iza tion  of  Stokes’  the o rem.
In the pa  per [19], the ap  prox  i  ma  tion of the sur  -
face and vol  ume integrals of the un  known func  tions,
which is in a par  ti  cle as sums of these func  tion val  ues
in the points (par  ti  cles) which are in the near  est vi  cin  -
ity to the given one, is pre  sented. The vol  ume in  te  gral
is equal to the sum A(i, j) f (j), the sur  face in  te  gral is
equal to the sum B(i, j) f (i, j) over the set of num bers of
neigh bor  par ti cles  for  the  par ti cle  num ber  i,  f(i,  j)-ap -
prox i ma tion  of  func tion  f  at the „fuzzy face“ be  tween
i-th and j-th  par ti cles.  The  co ef fi cients  A(i,  j),  B(i,  j)
should satify some re  la  tions. So, for each par  ti  cle we
have some  thing like a cloud of par  ti  cles around it,
which is used for the ap prox i ma tion con struc tion. The
term par  ti  cle is used as close as can be to the re  al  ity
one, but re  ally we have a vol  ume, which does  n’t have
strict bounds, but about which we know val ues, which
is nec  es  sary for mod  el  ing of a spe  cific ap  plied prob  -
lem. The de  scribed idea makes it easy to im  ple  ment
any fi  nite vol  ume dif  fer  ence scheme in its frame. The
scheme can be eas  ily for  mu  lated in fi  nite vol  ume
terms, thus mak  ing nat  u  ral its 2-D and 3-D for  mu  la  -
tion for fuzzy grid. This method can be eas ily ex tended 
to the case of frac  tional vol  ume el  e  ments (i. e. frac  -
tional Gauss’s the o rem and the frac tional Stokes’ the o -
rem) and we ob  tain frac  tional fuzzy grid.
An adap tive fuzzy con trol can be ap plied to syn -
chro nize such kinds of dy  nam i  cal be hav iour. The pro  -
posed method must be ro  bust to ap  prox  i  mate er  rors
and dis  tur  bances, be  cause it in  te  grates the mer  its of
adap tive fuzzy and vari able struc ture con trol. The sim -
i  lar method for an  other prob  lem is de  scribed in [20].
Ac cord ing  to  the  be hav iour  of  our  tar get  prob a bil ity
dis tri bu tion  func tions,  the  fuzzy  ac tu a tors  should  be
de rived.
The ad  van  tage of the re  cur  rence based method
in com  par  i  son to other stan  dard tech  niques is that it is
pos si ble to dis tin guish be tween quasiperiodic and cha -
otic or  bits that are tem  po  rarily trapped in a sticky do  -
main, from very short tra  jec  to  ries. The dif  fer  ence be  -
tween the re cur rence prop er ties and quasiperiodic and
cha  otic or  bits helps to un  der  stand the com  plex pat  -
terns of the cor  re  spond  ing re  cur  rence plots. Sev  eral
mea sures  from  the  re cur rence  quan ti fi ca tion  anal y sis
can be used to quan  tify these pat  terns.
The fuzzy con  trol al  go  rithm is used to sta  bi  lize
the fixed points of a cha otic sys tem [21]. No knowl edge
of the dy  namic equa  tion of the sys  tem is needed in this
ap proach and the whole sys tem is con sid ered as a black
box. It can be used for in ves  ti ga tion of the be hav iour of
the frac  tional Vlasov-Pois  son-Fokker-Planck sys  tem.
In the pa  per [22] the sawtooth crash in the ax i  ally
sym met ric  divertor  ex per i ment  (ASDEX)  upgrade
toka mak  is  in ves ti gated  and  ev i dence  sup port ing  the
hy  poth  e  sis of stochastization of mag  netic field lines
dur ing the crash is pre sented. On the ba sis of soft X-ray
and  elec tron  cy clo tron  emis sion  mea sure ments  that  oc -
cur dur  ing the pre-crash phase the quasiperiodic tran  si  -
tion to chaos is in ves ti gated. In the pa per [23] some pre -
lim i nary  re sults  con cern ing  the  use  of  ar ti fi cial  neu ral
net  works (ANN) for the feed  back sta  bi  li  za  tion of a
ther mo nu clear re ac tor at nearly ig nited burn con di tions
are pre  sented. An al  go  rithm to train ANN for this pur  -
pose, in volv ing the method of backpropagation through 
time and the con  ju  gate gra  di  ents tech  nique, is dis  -
cussed. Dis  rup  tion is a sud  den loss of mag  netic con  -
fine  ment that can cause a dam  age of the ma  chine walls
and sup  port struc  tures. For this rea  son, it is of prac  ti  cal
in  ter  est to be able to early de  tect the on  set of the events
with vizualization, max  i  mum en  tropy and com  plex  ity
as  cor rec tions  meth ods.
CON CLU SIONS
Us  ing the well-known Ostrogradski or Gauss
for mula, the ex is tence and unique ness of the the o rems
for the clas  si  cal weak so  lu  tion of the model in some
cases can be proven. Fuzzy logic, ge  netic al  go  rithms
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other, but in stead they may be com bined on the ba sis of 
in te grated frame works to out per form con ven tional de -
sign ap proaches [24]. The ge netic al go rithms are num -
bers of col  lec  tions of meth  od  ol  o  gies known as evo  lu  -
tion ary  com pu ta tion  (EC).
Dur  ing the last de  cades, re  searches have been
us ing fuzzy logic as a rep re sen ta tion frame work in de -
sign  prob lems  char ac ter ized  by  in her ent  un cer tainty
dur ing de ci sion-mak ing. The tran si tion from the Ar is -
to  te  lian logic (be  tween two com  pet  ing states one and
only one is true) to the fuzzy logic (mul ti ple com pet ing 
states may be true at the same time, each one at the dif -
fer  ent de  gree of truth) was hes  i  tant. The abil  ity, how  -
ever, of mod  el  ing the un  cer  tainty through fuzzy logic
at tracted many re searches that con trib uted to the foun -
da  tion of var  i  ous fuzzy logic con  cepts rel  a  tive to the
en gi neer ing  de sign.
If a fuzzy logic based tech  nique is uti  lized in
solv  ing a prob  lem, then the de  signer should know ex  -
actly the im  pact of us  ing the al  ter  na  tive meth  ods for
the ag  gre  ga  tion and defuzzification of the fuzzy com  -
po  nents. The sustainability and the suc  cess of an ad  -
vanced tech  nique should al  ways be based on sim  plic  -
ity and this sim plic ity can orig i nate in the com bi na tion
of char ac ter is tics of the three de sign mod els: pre scrip -
tive, de  scrip  tive, and com  puter-based.
Var i ous  ex per i men tal  is sues  in  the  ex plo ra tion
re quire dras tic im prove ments of plasma real-time con -
trol func  tions based on the un  der  stand  ing of a plasma
equi lib rium  state [25]. In  par tic u lar,  pre cise re pro duc -
tion meth  ods of plasma shape and cur  rent pro  file are
the key el  e  ments for any ad  vanced con  trol. Plasma
shape in a toka mak of ten de ter mines some of the ba sic
pa ram e ters  for  en ergy  con fine ment,  sta bil ity  and  safe
op er a tion.  The  re pro duced  po si tion  and  shape  are  di -
rectly uti  lized for their feed  back con  trol. In ad  di  tion,
the full plasma shape is vi  su  al  ized on the screen as a
real-time  mon i tor.
We  ob tained  the  pos si bil ity  of  sim u la tions  of
toka  mak plasma be  hav  iour for Hamiltonian and
non-Hamiltonian flow via fuzzy frac  tional variational
cal cu lus de scrip tion. In the case of non-ex is tence the o -
rem of plasma be  hav  ior for such kind of variational
cal cu  lus, we can use the meth  ods of fuzzy sim u la  tions
that are ex  plained in the pa  pers [26-30].
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FRAKTALNI  VARIJACIONI  PROBLEMI  I  @IROKINETI^KE
SIMULACIJE ^ESTICE  U  FAZNOJ  ]ELIJI  SA  FAZILOGI^KIM
PRISTUPOM ZA TOKAMAKE
Poznato je da se pona{awe plazme kod tokamaka opisuje pomo}u Kolmogorov-Ar  -
nold-Moserove teoreme, te se fazni prostor Hamiltonijana deli na stohasti~ki i
deterministi~ki deo. U ranijim radovima autora [1, 2], u ciqu dobijawa rekurentnog pona{awa
(poop{tewa periodi~nosti) primewene su metode ve{ta~ke inteligencije  za stohasti~ki slu~aj,
tj. za fraktalno Braunovo kretawe. U ovom ~lanku, na osnovu prikaza rezultata  analiti~ke
mehanike, obja{wava se nu`nost uvo|ewa metoda ve{ta~ke inteligencije za fraktalni
deterministi~ki slu~aj dobijawa rekurentnog pona{awa preko Kantorusa za kontrolu procesa u
realnom vremenu. Preostaje da se sinhronizuje izlaz deterministi~kog i stohasti~kog slu~aja, u
svrhu dobijawa rekurentnog pona{awa tokamaka dugog pulsirawa u stawu balansa ravnote`e.
Kqu~ne re~i: fraktalni varijacioni ra~un, simulacije ~estice u faznoj }eliji, fazi logika,
jjjjjjjjjjjjjjjjjjjjjjjHamiltonijan, toka  mak